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Abstract
In this paper we prove the unobstructedness of the deformation of
integral coisotropic submanifolds in symplectic manifolds, which can be
viewed as a natural generalization of Weinstein’s results ([4]) for La-
grangian submanifolds.
Let (X,ω) be a symplectic manifold. A submanifold Y ⊂ (X,ω) is coisotropic
if rank(ω|Y ) = 2 dim(Y ) − dimX . Real hypersurfaces and Lagrangian sub-
manifolds in (X,ω) are examples of coisotropic submanifolds. The closedness
of ω implies that ker(ω|Y ) defines an integrable distribution on the coisotropic
submanifold Y . The corresponding foliation F is called null foliation. We call
Y an integral coisotropic submanifold if the leaves of the null foliation F are
all closed and form a fibration π : Y → S. Denote Fs = π−1(s) for s ∈ S.
Examples of integral coisotropic submanifolds are given later in this paper.
For a Lagrangian submanifold L ⊂ (X,ω), according to the work of Weinstein
([4]), there exists an open neighborhood U ⊂ (X,ω) of L and a symplectic open
embedding (U, ω) → (T ∗L, ωT∗L), such that L ⊂ U is mapped to the zero sec-
tion of T ∗L, where ωT∗L is the canonical symplectic form on T
∗L. The moduli
space of Lagrangian submanifolds in (X,ω) near L modulo Hamiltonian defor-
mation can be canonically identified with H1(L,R).
(Y, ωY ) is called a pre-symplectic manifold if ωY is a closed 2-form on Y with
constant rank. Gotay’s coisotropic neighborhood theorem [1] implies that there
exists a symplectic neighborhood (U, ω) containing Y such that ω|Y = ωY .
Moreover, for another such symplectic neighborhood (U ′, ω′) containing Y ,
by shrinking U and U ′ suitably, there exists a symplectomorphism (U, ω) →
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(U ′, ω′) that fixes Y . A coisotropic submanifold Y ⊂ (X,ω) naturally gives
rise to a pre-symplectic structure (Y, ω|Y ). The symplectic neighborhood of
the coisotropic submanifold Y is completely determined by the pre-symplectic
structure (Y, ω|Y ).
The rather classical concept of coisotropic submanifold attracted quite some
recent interests due to the work of Kapustin and Orlov [2] relating coisotropic
submanifolds in Calabi-Yau manifolds to mirror symmetry. Unlike the defor-
mation of Lagrangian submanifold modulo Hamiltonian equivalence, which is
unobstructed, canonically affine and of finite dimension, the deformation of gen-
eral coisotropic submanifold modulo Hamiltonian equivalence turns out to be
much more non-trivial and complicated. According to the work of Oh and Park
[3], the formal deformation of general coisotropic submanifold modulo Hamilto-
nian equivalence can be reduced to a strongly homotopy Lie algebroid, and is
usually obstructed and of infinite dimension.
In this work, we will discuss the deformation theory of integral coisotropic
submanifolds. We will show that the deformation of integral coisotropic sub-
manifold modulo Hamiltonian equivalence is unobstructed, canonically affine
and of finite dimension. In some sense, integral coisotropic submanifolds are
more natural analogues of Lagrangian submanifolds in terms of deformation
theory. We should point out that being integral coisotropic is not invariant un-
der small deformations of coisotropic submanifolds.
In the appendix, we will give an alternative simple proof of the unobstructedness
of the deformation of integral coisotropic submanifolds in symplectic manifolds
using the smooth family version of coisotropic neighborhood theorems from
[1, 3]. From this point of view, the unobstructedness of the deformation of inte-
gral coisotropic submanifolds can also be viewed as a consequence of the general
philosophy (discussed in [3]) that the deformation of coisotropic submanifolds is
determined by the deformation of the corresponding pre-symplectic manifolds,
and the unobstructedness of the deformation of symplectic manifolds.
The following lemma should be well known in symplectic geometry.
Lemma 1 For an integral coisotropic submanifold Y ⊂ (X,ω), there exists a
symplectic form ωS on S such that ω|Y = π∗ωS.
Proof: Let W be a vector field on Y along F . Then ı(W )ω|Y = 0 and
LWω|Y = dı(W )ω|Y + ı(W )dω|Y = 0. These give us the desired result.
Let BY denote the space of 1-forms β on the integral coisotropic submanifold Y
such that dβ = π∗γ for certain closed 2-form γ on S. Consider a smooth family
{Yt} of integral coisotropic submanifolds in (X,ω) with Y0 = Y . We choose
the deformation vector fields {Vt} for the family so that the null foliation Ft is
preserved under the flow {φt} of {Vt}. (In general, such choice is possible if and
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only if the null foliation structure is unchanged in the family. This is obvious in
our integral case, where the null foliation is a fibration.) Let βt = ı(Vt)ω, and
let H denote the local system on S with the fibre Hs = H
1(Fs,R) for s ∈ S.
We have
Lemma 2 β = β0 is in BY . Consequently, [β] = {β|Fs}s∈S represents a locally
constant section of H over S. Conversely, any element of H0(S,H) can be
represented in such way by some β ∈ BY so that [β] → [γ] defines the natural
map H0(S,H)→ H2(S,R). [β] = 0 in H0(S,H) if and only if β determines an
infinitesimal Hamiltonian deformation.
Proof: Let W be a vector field on Y along F . Since the null foliation is
preserved by the flow, we have ı(W )φ∗tω|Y = 0, ı(W )dβ = ı(W )LV ω|Y = 0.
Consequently, dβ descends to a closed 2-form γ on S.
Locally on S, we may write γ = dβ˜. Then β − π∗β˜ is closed and β|Fs =
(β − π∗β˜)|Fs represents a locally constant class in H
1(Fs,R) for s ∈ S.
For the converse, pick a covering {Uα} for S by open sets whose intersections
are contractible, with a compatible partition of unity {ρα}. For b ∈ H0(S,H),
it is easy to find closed 1-form β′α on π
−1(Uα) such that β
′
α|Fs represents
bs ∈ H1(Fs,R) for s ∈ Uα. β′ =
∑
α β
′
απ
∗ρα defines a global 1-form on Y
such that β′|Fs represents bs ∈ H
1(Fs,R) for s ∈ S. Consequently, there exists
smooth function fα on π
−1(Uα) such that (β
′−β′α)|Fs = dfα|Fs for s ∈ Uα. Let
βα = β
′
α + dfα, then βα is a closed 1-form on π
−1(Uα) such that βα|Fs = β
′|Fs
represents bs ∈ H1(Fs,R) for s ∈ Uα. Hence, βαα′ = βα − βα′ defined over
π−1(Uα∩Uα′) is closed and vanishes when restricted to Fs for s ∈ Uα∩Uα′ . Con-
sequently, there exists a closed 1-form βˆαα′ on Uα∩Uα′ such that βαα′ = π∗βˆαα′ .
Since the sheaf of 1-forms on S is soft, there exists 1-form βˆα on each Uα such
that βˆαα′ = βˆα − βˆα′ . By our construction, it is easy to see that βα − π∗βˆα on
π−1(Uα) (resp. −dβˆα on Uα) patch up to a global 1-form β on Y (resp. global
closed 2-form γ on S) so that dβ = π∗γ.
[β] = 0 in H0(S,H) if and only if β|Fs is exact for all s ∈ S. Hence, there
exists a smooth function f on Y such that β|Fs = df |Fs for all s ∈ S. Let W
be a vector field on Y along F . Then ı(W )(β − df) = 0 and LW (β − df) =
dı(W )(β − df) + ı(W )d(β − df) = ı(W )π∗γ = 0. Consequently, there exists a
1-form β˘ on S such that β − df = π∗β˘, β = df + π∗β˘. Since the vector field
determined by π∗β˘ is tangent to Y , β determines an infinitesimal Hamiltonian
deformation.
Lemma 2 implies that the infinitesimal deformations of an integral coisotropic
submanifold Y modulo infinitesimal Hamiltonian equivalence lie inH0(S,H). In
the following proposition, we will verify that each [β] ∈ H0(S,H) can indeed be
realized as the infinitesimal deformation of a family {Yt} of integral coisotropic
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submanifolds with Y0 = Y . Namely, the deformation of integral coisotropic
submanifolds is unobstructed.
Proposition 1 For any [β] ∈ H0(S,H), there exists a family {Yt} of integral
coisotropic submanifolds for small t with Y0 = Y , whose infinitesimal deforma-
tion at all t is represented by [β].
Proof: For any Uα in the open covering {Uα} of S, assume the deformation
family {Yt} of integral coisotropic submanifolds with Y0 = π−1(U) ⊂ Y is con-
structed for some open subset U ⊂ Uα such that the infinitesimal deformation
at any t is represented by [β]|U ∈ H
0(U,H). In the following, we will extend
the deformation family to {Yt} with Y0 = π−1(Uα).
According to lemma 2, we may assume dβ = π∗γ for some closed 2-form γ on S.
Since Uα is contractible, there exists 1-form β
′
α on Uα so that γ|Uα = dβ
′
α. Then
the closed 1-form βα = β|pi−1(Uα) − π
∗β′α on π
−1(Uα) satisfies βα|Fs = β|Fs for
s ∈ Uα.
Choose the deformation vector fields {Vt} for the family {Yt} so that the null
foliation Ft is preserved under the flow {φt} of {Vt}. The flow gives the
smooth family of identifications φt : Y0 = π
−1(U) → Yt for t small that also
identify the fibres of null foliation. Let βt = φ
∗
t ı(Vt)ω. By our assumption,
[βt] = [β]|U = [βα]|U ∈ H0(U,H). It is straightforward to see that this condi-
tion implies that there exists a smooth family of functions {ft} on Yt ∼= π−1(U)
and 1-forms β′t on U such that βt = βα|pi−1(U) + dft + π
∗β′t and f0 = 0. Re-
placing βt by βα|pi−1(U) + dft, we can make βt closed and β0 = βα|pi−1(U). {Vt}
still generates the same {Yt} because the vector field corresponding to π
∗β′t is
tangent to Yt.
Let Uˆα be a small neighborhood of π
−1(Uα) in X . Since {Yt} is very close to
Y0 = π
−1(U) for t small, we may construct projections πˆt : Uˆα → π−1(Uα)
so that πˆt|Yt = φ
−1
t : Yt → Y0 = π
−1(U) and πˆ0|pi−1(Uα) = idpi−1(Uα). (Some
of the open sets may need to be shrunk slightly, which does not affect our proof.)
Extending {ft} from π
−1(U) to a smooth family of functions on π−1(Uα) still
satisfies f0 = 0. Then βˆt = πˆ
∗
t (βα+ dft) is a smooth family of closed 1-forms on
Uˆα satisfying βˆt|Yt = ı(Vt)ω and βˆ0|pi−1(Uα) = βα for small t. Then Vˆt satisfying
ı(Vˆt)ω = βˆt gives rise to a flow of symplectomorphisms on Uˆα. This flow gener-
ates the deformation family {Yt} with Y0 = π−1(Uα) that extends the previous
deformation family {Yt} with Y0 = π−1(U). From the expression of βˆt, the
infinitesimal deformation at any t is clearly represented by [β]|Uα ∈ H
0(Uα,H).
With the above argument, we may start the induction with U = ∅. After the
deformation family {Yt} is constructed over π
−1(U˜A), where U˜A =
⋃
α′∈A
Uα′ ,
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take U = U˜A ∩ Uα for α 6∈ A. By induction, we can construct the family {Yt}
globally.
Let MY denote the local moduli space of integral coisotropic submanifolds
(that are small deformations of Y ) modulo Hamiltonian equivalence. To prove
the smoothness of MY near Y , we need the following Proposition 2.
Consider two 1-parameter families {Yr,t} of integral coisotropic submanifolds
with Yr,0 = Y for r = 0, 1. Assume the deformation vector fields {Vr,t} de-
termine the flows φr,t : Y → Yr,t that preserve the null foliations. Then the
corresponding 1-forms βr,t = φ
∗
r,tı(Vr,t)ω on Y is in BY . Assume that there is a
smooth family of 1-forms {βr,t} ⊂ BY for r ∈ [0, 1] and t ∈ R small that extends
{βr,t} for r = 0, 1. We have
Proposition 2 There exists a smooth family of integral coisotropic submani-
folds {Yr,t} for r ∈ [0, 1] and t ∈ R small satisfying Yr,0 = Y that extend {Yr,t}
for r = 0, 1, such that the infinitesimal deformation along t direction at Yr,t is
represented by [βr,t] ∈ H0(S,H).
Proof: The proof of this proposition uses essentially the same idea as that of
Proposition 1. For any Uα in the open covering {Uα} of S, assume the deforma-
tion family {Yr,t} of integral coisotropic submanifolds with Yr,0 = π−1(U) ⊂ Y
(resp. Yr,0 = Y ) for r ∈ (0, 1) (resp. r = 0, 1) extending {Yr,t} for r = 0, 1
is constructed for some open subset U ⊂ Uα such that the infinitesimal defor-
mation at Yr,t for r ∈ (0, 1) is represented by [βr,t]|U ∈ H0(U,H). More pre-
cisely, there exist deformation vector fields {VU,r,t} and the flow {φU,r,t} with
βU,r,t = φ
∗
U,r,tı(VU,r,t)ω ∈ Bpi−1(U) such that βU,r,t = βr,t|pi−1(U) for r = 0, 1
and [βU,r,t] = [βr,t]|U ∈ H
0(U,H) for r ∈ (0, 1). It is straightforward to
see that these conditions imply that there exists a smooth family of func-
tions {fU,r,t} on Yt ∼= π−1(U) and 1-forms β′U,r,t on U such that βU,r,t =
βr,t|pi−1(U) + dfU,r,t + π
∗β′U,r,t and fU,r,0 = fU,0,t = fU,1,t = 0. In the fol-
lowing, we will extend the deformation family to {Yr,t} with Yr,0 = π
−1(Uα) for
r ∈ (0, 1).
βr,t ∈ BY implies that dβr,t = π∗γr,t for some closed 2-form γr,t on S. Since
Uα is contractible, there exists 1-form β
′
α,r,t on Uα so that γr,t|Uα = dβ
′
α,r,t.
Then the closed 1-form βα,r,t = βr,t|pi−1(Uα) − π
∗β′α,r,t on π
−1(Uα) satisfies
βα,r,t|Fs = βr,t|Fs for s ∈ Uα. Replacing βU,r,t by βα,r,t|pi−1(U) + dfU,r,t =
βU,r,t−π∗(β′α,r,t|U+β
′
U,r,t), we can make βU,r,t closed and βU,r,0 = βα,r,0|pi−1(U).
{VU,r,t} still generates the same {Yr,t} because the vector field corresponding to
π∗(β′α,r,t|U + β
′
U,r,t) is tangent to Yr,t.
Let Uˆα be a small neighborhood of π
−1(Uα) in X . Since {Yr,t} is very close to
Yr,0 = π
−1(U) for t small, we may construct projections πˆr,t : Uˆα → π−1(Uα)
so that πˆr,t|Yr,t = φ
−1
U,r,t : Yr,t → Yr,0 = π
−1(U) (resp. πˆr,t|Yr,t∩pi−1(Uα) =
5
φ−1r,t |Yr,t∩pi−1(Uα) : Yr,t ∩ π
−1(Uα) → Yr,0 ∩ π−1(Uα) = π−1(Uα)) for r ∈ (0, 1)
(resp. r = 0, 1) and πˆr,0|pi−1(Uα) = idpi−1(Uα) for r ∈ [0, 1]. (Some of the open
sets may need to be shrunk slightly, which does not affect our proof.)
Extending {fU,r,t} from π
−1(U) to a smooth family of functions {fα,r,t} on
π−1(Uα) still satisfy fα,r,0 = fα,0,t = fα,1,t = 0. Then βˆα,r,t = πˆ
∗
r,t(βα,r,t +
dfα,r,t) is a smooth family of closed 1-form on Uˆα satisfying βˆα,r,0|pi−1(Uα) =
βα,r,0 and φ
∗
U,r,t(βˆα,r,t|Yr,t) = βU,r,t (resp. φ
∗
r,t(βˆα,r,t|Yr,t∩pi−1(Uα)) = βr,t|pi−1(Uα))
for r ∈ (0, 1) (resp. r = 0, 1) and small t. Then Vˆα,r,t satisfying ı(Vˆα,r,t)ω =
βˆα,r,t give rise to flows of symplectomorphisms on Uˆα. These flows generate
the deformation family {Yr,t} with Yr,0 = π−1(Uα) that extends the previous
deformation family {Yr,t} with Yr,0 = π−1(U). From the expression of βˆα,r,t,
clearly, the infinitesimal deformation along t direction at Yr,t is represented by
[βr,t]|Uα ∈ H
0(Uα,H).
With the above argument, we may start the induction with U = ∅. After the
deformation family {Yr,t} is constructed over π−1(U˜A), where U˜A =
⋃
α′∈A
Uα′ ,
take U = U˜A ∩ Uα for α 6∈ A. By induction, we can construct the family {Yr,t}
globally.
A submanifold F ⊂ (X,ω) is isotropic if ω|F = 0. Let MF denote the local
moduli space of isotropic submanifolds near F modulo Hamiltonian equivalence.
The following proposition should be well known.
Proposition 3 For an isotropic submanifold F ⊂ (X,ω), there exists a canon-
ical local open embedding iF :MF → H1(F,R).
Proof: Let {Ft} be a deformation family of isotropy submanifolds with F0 = F
and {Vt} be a smooth family of vector fields that generate the family, where Vt
is only defined on Ft. Then ω|Ft = 0, dı(Vt)ω|Ft = LVtω|Ft = 0.
Let U be a small tubular neighborhood of F . Then it is straightforward to
see that for t small, each Vt can be extended to a vector field V
′
t on U so that
ı(V ′t )ω is closed and {V
′
t } forms a smooth family. Consequently, the family of
isotropic submanifolds {Ft} is generated by the symplectic flow on U generated
by {V ′t }. Since H
1(U,R) ∼= H1(F,R), a closed 1-form on U that restrict to
zero on F is an exact 1-form. Hence a symplectic flow on U fixing F will
be a Hamiltonian flow. Consequently, MF can be identified with the local
moduli space of symplectic automorphisms of U near the identity map modulo
Hamiltonian automorphisms of U , which can be identified with the local moduli
space of Lagrangian submanifolds of (U, ω|U )× (U,−ω|U) near diagonal modulo
Hamiltonian equivalence, which can be canonically identified with H1(U,R) ∼=
H1(F,R) locally according to [4].
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Theorem 1 There exists a canonical local open embedding iY :MY → H0(S,H),
under which the smooth orbit of symplectomorphisms can be locally identified
with the kernel of H0(S,H)→ H2(S,R).
Proof: Notice that any two isotropic fibres in an integral coisotropic submani-
fold Y are Hamiltonian equivalent in X . Take F to be an isotropic fibre of Y .
There is the natural map µ : MY →MF . For any [Y ′] ∈ MY , µ([Y ′]) = [F ′],
where F ′ is an isotropic fibre in Y ′. Proposition 1 implies that locally iF ◦ µ
maps MY surjectively onto H
0(S,H) →֒ H2(S,R). To prove the first part of
the theorem, we only need to show that iF ◦ µ is injective. More precisely, for
two 1-parameter families {Yr,t}r=0,1 of integral coisotropic submanifolds with
Y0,0 = Y1,0 = Y , if iF ◦µ(Y0,t0) = iF ◦µ(Y1,t0), then Y0,t0 is Hamiltonian equiv-
alent to Y1,t0 . Assume the deformation 1-forms for the 2 families are {βr,t}r=0,1.
Consider the natural projection πY : BY → H0(S,H). cr(t) = iF ◦ µ(Yr,t)
for r = 0, 1 form 2 paths in H0(S,H) with dcr(t)
dt
= [βr,t] ∈ H0(S,H). For
r = 0, 1, c˜r(t) satisfying c˜r(0) = 0,
dc˜r(t)
dt
= βr,t is a path in BY that lifts cr(t),
namely πY (c˜r(t)) = cr(t). It is straightforward to construct a smooth family of
paths {cr(t)}r∈[0,1] in H
0(S,H) that extend {cr(t)}r=0,1 such that cr(0) = 0 and
cr(t0) = c0(t0) for r ∈ [0, 1]. Since πY is linear map, one can lift {cr(t)}r∈[0,1] to
a smooth family of paths {c˜r(t)}r∈[0,1] in BY extending {c˜r(t)}r=0,1 such that
c˜r(0) = 0 and πY (c˜r(t)) = cr(t) for r ∈ [0, 1]. Let βr,t =
dc˜r(t)
dt
, then the family
of 1-forms {βr,t} ⊂ BY for r ∈ [0, 1] and t ∈ R small extends {βr,t} for r = 0, 1.
According to proposition 2, there exists a smooth family of integral coisotropic
submanifolds {Yr,t} for r ∈ [0, 1] and t ∈ R small satisfying Yr,0 = Y that extend
{Yr,t} for r = 0, 1, such that the infinitesimal deformation along t direction at
Yr,t is represented by [βr,t] ∈ H0(S,H). Consequently, iF ◦ µ(Yr,t) = cr(t) for
all r and t. In particular, iF ◦ µ(Yr,t0) = c0(t0) for r ∈ [0, 1], the infinitesimal
deformation along r direction represents 0 ∈ H0(S,H) and is Hamiltonian by
lemma 2. Therefore Y0,t0 is Hamiltonian equivalent to Y1,t0 . This proves the
first part of the theorem. The second part of the theorem is quite obvious in
light of lemma 2.
Example: One of the simplest non-trivial integral coisotropic submanifold is
the unit sphere S3 in R4 with the standard symplectic form. The Hopf fibration
gives the null foliation, with the great circles being the isotropic fibres. The
symplectic quotient S ∼= S2 = S3/S1. H is trivial over S2 with fibres identified
with H1(S1,R) ∼= R. H0(S,H) ∼= R, H0(S,H)→ H2(S,R) is an isomorphism.
The moduli spaceMS3 ∼= R>0 parameterizes round spheres of radius r for r > 0.
The map MS3 → H
0(S,H) that maps the unit sphere to 0 is r → 12 (r
2 − 1).
More generally, one can consider a symplectic manifold with a symplectic real
torus action. The fibres of the moment map are natural examples of integral
coisotropic submanifolds.
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Appendix: Alternative proof of proposition 1
Wewill start with two propositions concerning the deformation of general coisotropic
submanifolds (resp. pre-symplectic manifolds) that are not necessarily integral.
Proposition 4 Suppose that there exists a smooth (or C1) family of coisotropic
submanifolds {Yt} in (X,ω). {Yt} is generated by local symplectomorphisms if
and only if (Yt, ω|Yt) are equivalent as presymplectic manifolds.
Proof: Assume that (Yt, ω|Yt) are equivalent as pre-symplectic manifolds. Then
there exists a family of diffeomorphisms φt : Y0 → Yt such that φ∗tω|Yt = ω|Y0 .
Let {Vt} be a smooth family of vector fields that generate the flow φt, where Vt
is only defined on Yt. Then dı(Vt)ω|Yt = LVtω|Yt = 0.
Let U be a small tubular neighborhood of Y0. Then it is straightforward to
see that for t small, each Vt can be extended to a vector field V
′
t on U so that
ı(V ′t )ω is closed and {V
′
t } forms a smooth family. Consequently, the family of
coisotropic submanifolds {Yt} is generated by the local symplectic flow on U
generated by {V ′t }. The other direction of the proposition is obvious.
Proposition 5 Let Y ⊂ (X,ω) be a coisotropic submanifold, and {(Yt, ωt)}
(for t in a small neighborhood of 0 ∈ Rl) be a family of pre-symplectic manifolds
such that Y0 = Y , ω0 = ω|Y and [ωt] ∈ H2(Yt) ∼= H2(Y ) is constant class.
Then there exists a family of coisotropic embeddings Yt → (X,ω) for small t,
such that ωt = ω|Yt .
Proof: Let U be a small tubular neighborhood of Y in X . According to [1, 3],
there exist a smooth family of coisotropic embeddings φt : Yt → (U, ω˜t) such
that ω˜t|Yt = ωt and ω˜0 = ω|U . By assumption, [ω˜t] ∈ H
2(U) ∼= H2(Y ) rep-
resent constant class. There exists a smooth family of symplectic morphisms
ψt : (U, ω˜t) → (X,ω) with ψ0 = idU . ψt ◦ φt will give us the desired family of
coisotropic embeddings for small t.
Alternative proof of Proposition 1: Let ρ1 : H
0(S,H) → H2(S,R) be
the natural map. The integral deformation of integral pre-symplectic manifold
(Y, ω|Y ) is equivalent to the deformation of symplectic manifold (S, ωS), which
is well known to be unobstructed and locally parameterized by H2(S,R). Hence
there exists a family of pre-symplectic manifolds {(Yt, ωt)} such that Y0 = Y ,
ω0 = ω|Y and the infinitesimal deformation is represented by ρ1([β]). Since the
image of ρ1 is in the kernel of ρ2 : H
2(S,R)→ H2(Y,R), proposition 5 implies
that there exists a family of coisotropic embeddings Yt → (X,ω) for small t,
such that ωt = ω|Yt . Let the infinitesimal deformation of the integral coisotropic
sybmanifolds be represented by [β′t] at Yt. Then ρ1([β]) = ρ1([β
′
t]) for all t. By
lemma 2, we may assume β−β′t to be closed for all t. Consequently, by adjusting
the family of integral coisotropic submanifolds {Yt} with local symplectic mor-
phisms defined on a neighborhood of Yt, one can ensure that the infinitesimal
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deformation at Yt be represented by [β] for all t.
Remark: This simple proof is based on suggestions from Prof. Yong-Geun Oh.
The major difference of this proof from the original proof is that the original
proof does not use the coisotropic neighborhood theorems from [1, 3], while
this proof need the smooth family version of coisotropic neighborhood theorems
from [1, 3]. Of course, it is also interesting to see if Proposition 2 can be proved
by propositions 4 and 5. Although Proposition 5 was not explicitly formulated
and proved in [3], the essential idea behind Proposition 5 in some other form is
already mentioned in section 8 of [3], which modulo some standard arguments
in symplectic geometry should imply Proposition 5.
Acknowledgement: This work was inspired by a talk given by Prof. Yong-
Geun Oh on [3]. I would like to thank Prof. Oh for helpful discussions. I would
also like to thank the referees for valuable suggestions.
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